A Weyl semimetal, a crystalline material with translational symmetry, possesses pairs of Weyl points in momentum space band structures and its topology is characterized by the first Chern number defined over a closed surface in momentum space. Here, we study amorphous systems with completely random sites and find that, through constructing and exploring a concrete model Hamiltonian, such a system can host an exotic phase of topological amorphous metal in three dimensions. In contrast to the traditional Weyl semimetals, topological amorphous metals break translational symmetry, and thus cannot be characterized by the first Chern number defined based on the momentum space band structures. Instead, their topological properties will manifest in the Bott index and the Hall conductivity as well as the surface states. Moreover, by studying the energy band and quantum transport properties, we find that topological amorphous metals exhibit a diffusive metal behavior. Our results open a door for exploring topological gapless phenomena in amorphous systems.
Weyl semimetals, three-dimensional (3D) materials with Weyl points in band structures [1] [2] [3] , have attracted considerable interest [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] in recent years owing to their fundamental importance in mimicking Weyl fermions in particle physics and their exotic topological properties. In the context of solid-state materials, the linear energy band dispersion around a Weyl point determines the semimetal property with a zero density of states (DOS) at zero energy. In addition, the Weyl point is protected by the first Chern number defined by the integral of Berry curvatures over a closed surface in momentum space enclosing the point [23] , leading to a Fermi arc consisting of surface states. This topological feature gives rise to the topological anomalous Hall effect [5, 6] . Beyond Weyl fermions that exist in particle physics, new fermions, such as type II Weyl fermions [24] [25] [26] (also called structured Weyl fermions [27] ) and high spin fermions [28, 29] can appear in topological gapless materials.
All these topological gapless materials feature the existence of gapless structures in momentum space so that the topological invariants can be further defined there. Yet, this can only be guaranteed in a crystalline material with translational symmetry. Here, we ask whether a topological semimetal or metal can exist in an amorphous system with completely random sites, where the desired translational symmetry is absent. Recent development of technologies in engineering in quantum systems such as arbitrary positioning of atoms [30, 31] and in mechanical systems such as constructing interacting gyroscopes [32] have paved the way for fabricating amorphous materials. However, the study of topological phenomena in amorphous systems is still in its infancy stage and only a few works demonstrating the existence of topological insulators in amorphous systems has been reported [32] [33] [34] [35] [36] [37] [38] [39] . Whether topological semimetals or metals exist in amorphous systems have not been explored hitherto.
In this paper, we demonstrate, by constructing and exploring a model Hamiltonian, the existence of a topological metal phase in a 3D amorphous system. The system is generated by randomly sampling sites in a box (see Fig. 1 for one sample configuration) and the results are obtained by averaging over many sample configurations. We find three distinct phases, namely, the topological amorphous metal, the amorphous An- derson insulator, and the amorphous insulator phases. In contrast to Weyl semimetals with translational symmetry where their topology can be characterized by the first Chern number, the topological feature of our amorphous system is identified using the Bott index, the Hall conductivity and the surface states. To determine whether a phase in the amorphous system is a metal, a semimetal or an insulator, we compute the band properties including the energy gap, the DOS, the level statistics and the inverse participation ratio, and the transport properties including the longitudinal conductivity and the Fano factor. We find that, in the most part of the parameter region where the Bott index and the Hall conductivity are nonzero, the system is gapless, exhibiting a diffusive metal behavior. The other regions correspond to the insulating phase where the longitudinal conductivity drops to zero and the Fano factor suddenly rises to one. The insulator can be further divided into the amorphous Anderson insulator with a nonzero DOS and the amorphous insulator with a zero DOS.
Model Hamiltonian-We start by constructing the following model Hamiltonian
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x,σ creating a fermion with spin σ at the position x, which is a random vector uniformly distributed in the box, x ν ∈ (0, L ν ) with ν = x, y, z, R(θ, φ) denotes the neighboring sites as shown in Fig. 1 , σ ν (ν = x, y, z) are the Pauli matrices and m z is the mass term. H 0 (θ, φ) = σ z + i sin θ cos φσ x + i sin θ sin φσ y describes the hopping matrix for the neighboring sites as shown in Fig. 1 . In light of irregular sites, we consider a case where the hopping strength decays exponentially t(R) = −e λ(1−R) /2, with R being the spatial distance between two sites. Here, we have chosen the unit of energy to be dimensionless for simplicity. We take the value of λ so that the hopping can be neglected when R > R c , where R c is the longest distance with nonnegligible hopping. Here, we choose R c = 2 and the density ρ = N/V = 1 where N is the number of sites and V = L x L y L z is the volume of the system. For randomly distributed sets of x, the system does not respect translational, time-reversal or inversion symmetries. Due to the random character, for numerical calculation, all our results are averaged over 200-600 sample configurations.
In Fig. 2 (a), we map out the phase diagram with respect to the mass m z incorporating three distinct phases (assuming the Fermi surface lies at zero energy): the topological amorphous metal, the amorphous Anderson insulator and the amorphous insulator phases, according to the Bott index (or Hall conductivity) and the band and transport properties, which will be discussed in detail in the following. For a topological phase, the Bott index is nonzero. For a diffusive metal, the energy gap is zero, the DOS and conductivity are nonzero, and the Fano factor is 1/3. For an insulator, the conductivity is zero and the Fano factor is 1. In our system, there are two types of insulators: the Anderson insulator with a nonzero DOS and the band insulator with a zero DOS.
Bott index and Hall conductivity-We now proceed to study the topological property of the introduced Hamiltonian. For a Weyl semimetal with translational symmetry, the topology of a gapless structure can be characterized by the topology of a closed surface in momentum space enclosing it [27] . Another signature that can be used to characterize the topology of a Weyl semimetal is the Bott index, which in 2D is equivalent to the Chern number in a crystalline system and can be harnessed to characterize the topology of a 2D Chern insulator with disorders [40] and a 2D amorphous Chern insulator [33] . The Bott index for a 3D Weyl semimetal is defined as
whereŨ x andŨ y are the reduced matrices for U x = P e 2πix/LxP and U y =P e 2πiŷ/LyP in the occupied space, respectively. Here,x andŷ are the position operators andP is the projection operator for the occupied space. The Bott index is equivalent to the topological anomalous Hall conductivity for a Weyl semimetal (see Supplementary Materials), which is not necessary to be quantized. For an amorphous system, where there is no translational symmetry, the momentum space band structure is not well defined as the quasimomentum is no longer a good quantum number, rendering the using of the momentum space integral to characterize its topology inapplicable. But, we can still use the Bott index. As we are interested in the case that the Fermi energy lies at zero energy, we consider the states with negative energy as the occupied space for calculating the Bott index.
In Fig. 2(a) , we plot the Bott index as a function of m z for different system sizes. Remarkably, the amorphous system exhibits nonzero values for the Bott index when −2.8 < m z < 9.4, suggesting the topological feature of the system. Specifically, as we decrease m z from 10, the Bott index appears from m z = 9.4 and its absolute value rises as we further decrease m z . In this region, the Bott index exhibits several plateaus, whose location changes with respect to the system size, reflecting the finite size effect, similar to the case of a crystalline Weyl semimetal. The Bott index approaches to −0.49 around m z = 1.2 and then its value sharply drops to zero and reverses with small values and finally disappears as we further decrease m z .
To show that the Bott index reflects the Hall conductivity in a randomized system, we numerically calculate the Hall conductivity using the Landauer-Büttiker formula in a mesoscopic system. We consider four ideal leads connected to the amorphous system in the x and y directions as schematically shown in Fig. 2(b) , as we expect that a surface state appears on the surfaces vertical to these directions. Under the voltage V 1 = V 3 = V /2, V 2 = V and V 4 = 0, the Hall conductivity is given by [41] 
where T mn is the total transmission probability from lead n to m, which is computed using the nonequilibrium Green's function method [41, 42] . As T 32 − T 34 accounts for the contribution from chiral edge modes, for a Weyl semimetal, σ xy is equivalent to the Bott index multiplied by e 2 /(2h) and we expect that this equivalence also holds in an amorphous system.
In Fig. 2(a) , we show the Hall conductivity in comparison to the Bott index. We notice the clear consistence between them in a wide range of m z in an amorphous system as we expected. For the slight discrepancy, we estimate that it is caused by finite size effects of the Bott index, which exhibits conspicuous variations for distinct system sizes; the Hall conductivity does not show clear finite size effects when L = 24 as their difference from L = 22 is small (we consider a cubic case,
Further, the Hall conductivity does not exhibit clear plateaus from finite size effects probably due to the smearing out around the gap closing region as in Weyl semimetals. The nonzero Hall conductivity and Bott index suggest the existence of a topological amorphous phase in a wide range of parameters.
To further identify the topological feature of the system, we calculate the surface states. In light of the gapless character for an infinite system, we choose a flat-box like geometry with the height much shorter than the other two dimensions (here we take L x = L y = 20 and L z = 10) so that the system is gapped under periodic boundary conditions. This enables us to pick up the surface states that are located inside the gap under open boundary conditions along the x and y directions. We illustrate the top view of the surface states in Fig. 2(c) and (d), clearly showing their localization on the boundaries.
Band properties-To discriminate the metal or semimetal phase from the insulator phase with respect to m z , we compute the gap, twice of the lowest positive energy, using the Lanczos algorithm, and the DOS for large systems using the kernel polynomial method (KPM), which expands the DOS in Chebyshev polynomials to the order N c [43] . The DOS is defined as
where E i is the ith eigenvalue and [...] denotes the average over samples. Here ρ(E) is normalized to one, i.e., dEρ(E) = 1. Figure 3 (a) and (b) illustrate the gap and the DOS at zero energy ρ(E = 0) with respect to the mass m z for distinct system sizes. Clearly, we see that the region with nonzero Bott index from −2.8 < m z < 8.6 corresponds to the gapless region: The gap for −3.2 < m z < 2 is very small even for a small system size (see the red line for L = 16) associated with a relative large DOS. ρ(E = 0) reaches the maximum at m z = −1.6, where ρ(E) versus E exhibits a steep peak at zero energy as shown in Fig. 3(c) , and it decreases sharply as m z moves away from this point associated with a developed minimum around zero energy for ρ(E) (see Fig. 3(c) ). When 2 < m z < 8.6, while the energy gap strongly depends on the system size, its overall decline with increasing the system size can be observed, suggesting that this phase may be a semimetal or metal. Figure 3 (b) further shows that ρ(E = 0) does not vanish in this region despite being small, implying that they correspond to a metal phase instead of a semimetal one. Specifically, for m z = 6, ρ(E) shows a sudden drop around zero energy (see Fig. 3(c) ), but this minimum does not vanish. To exclude the finite size effect, we calculate ρ(E) using larger system size and N c and do not find conspicuous decline of ρ(E = 0) as shown in the inset of Fig. 3(c) , in stark contrast to a dramatic drop in a Weyl semimetal with quasiperiodic disorder [21] .
Viewing Fig. 3(a) in the logarithmic system (see the inset), we see clearly there appears a universal dip of the energy gap for different system sizes at m z = 8.6 and m z = −2.8. For the former, ρ(E = 0) exhibits a drop to zero there (see the inset in Fig. 3(b) ), indicating a phase transition to a band insulator (see ρ(E) versus E for m z = 10 in Fig. 3(c) ). More interestingly, for the latter, the DOS does not vanish and does not show clear nonanalytic behavior with respect to m z . This phase is actually the Anderson localized insulator (dubbed amorphous Anderson insulator), which will be identified by the level-spacing statistics, inverse participation ratio (IPR), conductivity and Fano factor.
For level statistics, we calculate the adjacent level-spacing ratio (LSR)
where δ i = E i − E i−1 with E i being the ith eigenenergy sorted in an ascending order and i is the sum over an energy bin around the energy E with N E being the energy levels counted. It is well known that for localized states, r ≈ 0.39 [44] associated with the Poisson statistics and for extended states, r ≈ 0.6 corresponding to the Gaussian unitary ensemble (GUE) [45] . In Fig. 3(d) , we see that r(E = 0) is around 0.6 in the topological metal regime and drops to around 0.39 as m z decreases from −2.8, indicating the phase transition to the localized states. Another signature we use is the real space IPR:
where Ψ Ei,σx with σ =↑, ↓ are the corresponding components of the eigenstate of the system. I(E) measures how much a state around energy E is spatially localized. For a completely extended state in an infinitely large system, it is zero; for a state localized in a single site, it is one. Fig. 3(d) demonstrates that I(E = 0) is small when −2.8 < m z < 8.6 indicating that the eigenstates around zero energy are extended while it shows a steep rise across m z = −2.8, implying the transition into the localized phase. Conductivity and Fano factor-To study the quantum transport properties of amorphous systems, we compute the zero-temperature conductivity and Fano factor. Instead of connecting four leads to the system for calculation of the Hall conductivity above, we connect two ideal terminals for z < 0 and z > L z and apply periodic boundary conditions along the x and y directions to eliminate the effects of the surface states. We numerically calculate the transmission matrix tt † at zero energy by the nonequilibrium Green's function method [41, 42] and determine the zero-temperature conductance by the Landauer formula G = (e 2 /h)Tr(tt † ) [41] and the Fano factor F = Tr[tt [8, 46] . Figure 4(a) shows the conductivity σ zz = LG/W 2 versus m z with W and L being the width and length of the system (we here consider a cubic box geometry, i.e., W = L ). The conductivity is nonzero in the region with nonzero Bott index from −2.8 < m z < 8.6, showing a diffusive metal behavior as for a ballistic metal the conductivity vanishes [8] . The conductivity drops to zero at around m z = −2.8 and at around m z = 8.6 when m z moves away to the left and right region, respectively. The former corresponds to the transition into the Anderson insulator phase, while the latter the band insulator phase with vanishing DOS. The diffusive metal behavior is also reflected in the Fano factor that takes the value around F = 1/3 [46] (see Fig. 4(b) ). The transition into the insulator phase is signalled by the steep rise of the Fano factor to one due to the Poisson process. We do not find any discernible region where the Fano factor takes the value of F 0 = 1/3 + 1/(6 ln 2) for Weyl semimetals without disorder [8] , further suggesting the absence of the semimetal phase.
In summary, we have discovered a topological amorphous metal phase in 3D amorphous systems. We identify its topological feature by calculating the Bott index, the Hall conductivity and the surface states. Through further studying its band properties including the energy gap, DOS, LSR and IPR and the quantum transport properties, we find that the topological phase exhibits a diffusive metal behavior. We further predict the phase transition from the topological metal phase to the Anderson insulator phase and the band insulator phase with respect to a system parameter. Our results open a new avenue for studying topological gapless phenomena in amorphous systems. These new phenomena might be observed in various amorphous materials, such as glasses, and engineered atomic or mechanical systems.
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where 
where n i denotes the occupied bands, and, for briefness, we have skipped the index for k. Let us further decompose U into U = 1 + UD + U O where UD + 1 denotes the diagonal part and U O the off-diagonal one. Using this decomposition, we obtain
Since UD + U O is at least the second order of δk, the second term contributes a fourth order term and hence we neglect it. To the second order, we only need to evaluate the diagonal part, which is TrUD = TrU 2 = n k δk 1 δk 2 ∂ k2 u n |∂ k1 u n − k 1 ↔ k 2 + 1 2 ( i=1,2 δk 2 i u n |∂ 2 ki |u n + c.c.)
where only the first term contributes to the Bott index as all other terms are purely real. Therefore, to the second order, we have
where Ω 3 (k) = i( ∂ k1 u n |∂ k2 u n − k 1 ↔ k 2 ) is the Berry curvature along the G 3 direction and C n is the Chern number for a fixed k 3 in the nth occupied band. Evidently, this is the Hall conductivity σ 12 in unit of e 2 /h and hence we prove the equivalence between the Bott index and the Hall conductivity in a Weyl semimetal.
